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I. ELASTIC STABILITY CONDITIONS
A. Origin of elastic stability conditions
A“stable” crystal structure must be stable both dy-
namically and elastically. Dynamical stability requires
nonnegative phonon frequencies for all phonon modes
and wavevectors; elastic stability requires that the elastic
energy, E, is always positive.?
In the harmonic approximation, i.e., at zero applied
stress, the elastic energy of a crystal is quadratic with
applied strains, i, as follows
E = E0 +
1
2
V0
6∑
i=1
6∑
j=1
Cijij , (1)
where E0 is the equilibrium elastic energy, V0 is the equi-
librium volume, and Cij are the elastic constants, i.e.,
the elements of the elastic tensor in Voigt notation. The
rightmost term in Eq. 1 accounts for the elastic energy of
a crystal due to strain. We can only ensure E is positive
if Eq. 1 is convex. This requires that the matrix C is
positive definite, or equivalently that all the eigenvalues
of C are positive.?
If C is positive definite, the determinant of C will be
positive (because the determinant of a matrix may be
calculated as the product of all eigenvalues of that ma-
trix)
det(C) =
n∏
i=1
λi = λ1λ2 · · ·λn . (2)
Requiring det(C) to be positive allows us to derive nec-
essary conditions for elastic stability shown below.?
a. Cubic stability conditions
C11 − C12 > 0, C44 > 0, C11 + 2C12 > 0 . (3)
b. Hexagonal stability conditions
C11 > |C12|, C44 > 0, C33(C11 + C12) > 2C213 . (4)
B. Elastic stability conditions at finite stress
Elastic stability conditions can be formed in terms of
elements, Bij , of the elastic stiffness tensor, B, to account
for finite stress, where
Bij = (
∂σi(y)
∂j
)x , (5)
where x and y respectively denote the coordinates of the
system before and after deformation, and σi and j de-
note elements of the stress and strain tensors.? ?
The coefficients Bij can be written in terms of the elas-
tic constants Cij and the external load τ . Note that we
have until now used Voigt notation to reduce the orders
of the 3 × 3 × 3 × 3 tensors B˜ and C˜ to 6 × 6 matrices
B and C. Below we give the more general form for the
elastic stiffnesses, B˜ijkl, elements of the elastic stiffness
tensor, B˜?
B˜ijkl = C˜ijkl +
1
2
(δikτjl + δjkτil
+ δilτjk + δjlτik − 2δklτij) . (6)
With an isotropically applied stress, i.e., hydrostatic
pressure, τij is proportional to δij
?
τij = −Pδij . (7)
Substituting Eq. 7 into Eq. 6 for B˜ijkl gives
B˜ijkl = C˜ijkl +
P
2
(2δijδkl − δilδjk − δikδjl) . (8)
After substituting the values of δij where
δij =
{
1, if i = j & i ≤ 3
0, otherwise ,
(9)
the tensor B˜ can again be expressed as a symmetric ma-
trix, B. Restricting the determinant of B to positive
values as done for C in Section I A gives elastic stability
conditions at finite stress in terms of Bij
? where
Bii = Cii − P for i = 1, 2, . . . 6 , (10)
B1j = C1j + P for j = 2, 3 . (11)
a. Cubic finite stress stability conditions
B11 −B12 > 0, B44 > 0, B11 + 2B12 > 0 . (12)
b. Hexagonal finite stress stability conditions?
B11 > |B12|, B44 > 0, B33(B11 +B12) > 2B213 . (13)
2II. ADDITIONAL DATA
This section includes plots complementing those in
Section III A of the main paper on phonons in wurtzite
and zincblende GaN, showing pressure-driven behavior
at elevated temperature or temperature-driven behavior
at elevated pressure. A plot showing the universal elastic
anisotropy index beyond the regime of elastic stability is
also included.
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FIG. 1: Similar to Fig. 3 of the main paper, phonon disper-
sions at 30 GPa for wurtzite (top) and zincblende (bottom)
GaN at 0 K (blue) and at 1120 K (red).
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FIG. 2: Somewhat similar to Fig. 3 of the main paper, phonon
dispersions at 0 GPa for wurtzite (top) and zincblende (bot-
tom) GaN at 0 K (blue) and at 1120 K per a quasiharmonic
approximation (green). Differences between the green and
blue curves show the effects of temperature-driven volume
changes on phonon modes.
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FIG. 3: Similar to Fig. 5 of the main paper, phonon DOS
at 1120 K for wurtzite GaN at 0, 30, and 60 GPa (top) and
for zincblende GaN at 0, 15, and 30 GPa (bottom). Dashed
vertical black lines delineate a feature in the DOS that softens
with increasing pressure.
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FIG. 4: Similar to Fig. 6 of the main paper, mode Gru¨neisen
parameters for all phonon branches at 1120 K for various pres-
sures. In both panels, pressure increases from the black to
green to pink curves.
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FIG. 5: The universal elastic anisotropy index AU of wurtzite
and zincblende GaN vs. pressure in the regime of elastic sta-
bility (top), and into the regime of elastic instability (bottom).
